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We have obtained the inverse scattering equations associated with a new pair 
of coupled nonlinear evolution equations in two dimensions. The spectral param- 
eter is introduced by invoking the invariance of the equation set, and imposing 
those on the Lax pair. 

Completely integrable nonlinear partial differential equations are of 
wide interest owing to the underlying rich structure of the solution manifold 
(Rebbi and Soliani, 1984) and infinite number of generalized Lie symmetries 
(Anderson and Ibragimov, 1979). Here we report a pair of new coupled 
partial differential equations in two dimensions which is shown to possess 
a Lax pair (Lax, 1968). Our approach is that of Whalquist and Eastabrook 
(1975) based on the idea of prolongation structure. The equation set we 
propose to study is 

pU3x - Kpxuzx  + 6uuxp  + put  = 0 
(1) 

pt + 2(pux  + Upx) = 0 

where K is an arbitrary constant. We proceed by defining the set of 
independent variables 

u~ = p  (2) 
Uxx ~ q 

Then (1) and (2) are seen to be proper sections of the following differential 
two-forms: 

A1 = du  A d t  - p d x  A d t  

Az = dp A d t  - q d x  A d t  
(3) 

A 3 = p  dq  ^ d t - p  du  A d x + 6 p u p  d x  A d t - K q  do  A d t  

A4= - d p  A d x + 2 p p  d x  n d t + 2 u  dp  ^ d t  
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It is then easy to observe that these systems of differential forms are closed 
under exterior differentiation, that is, 

dA, = E/3,, ,  zxK (4) 

fl~K are some functions of x and t. 
In the prolongation approach of Whalquist and Eastabrook it is then 

required to search for a one-form (Choudhury and Roy, 1979, 1980) 

o)~ = dy, + F~dx + G, dt (5) 

with F~ = F~(x, t, p, u,p, q, Yi) and Gi = G~(x, t, p, u, p, q, yi) such that the 
exterior derivative of  w~ is in the ideal generated by the forms 4, and ~o~, 
that is, 

deon = E  Aif.j + ~, (a'~ dx + b7 dt) ^ oJ, (6) 

Substituting the explicit forms of the A~'s and ~oi's in equation (6) we obtain 

E (F"~ dtz A d x +  G'~ dtz A dt) - f . ~ ( d u  ^ dt - p  dx A dt) 

- f . 2 (  dp A dt - q dx A dt ) - f .3 

•  A dt - du ^ dx +[6up - qy] dx ^ dt) 

- fn4 (dx  A dt - 3' dx A dt) - f . 5 ( - d h  A dx + [2u3' + 2Kp] dx A dr) 

- (aT dx + b~ dt) • (F, dx + G, dt + dy,) = 0 (7) 

Equating coefficients of  several two-forms, we obtain the following 
equations, yielding information about the structures of F and G: 

Fu = - O q ,  K q F ,  - 2uFpp = pOp 
(8) 

pGu + qOp + 6upF. + 2ppF. = [F, G] 

By repeated differentiation we have 

G~u=G.q=Cp~--O 

G.u~. = 0 

Gqq = 0 = Gpp (9) 

Q ~ u = 0  

pGpq = KF~ 

From these equations we can construct the most general form of F and G 
which will yield the required matrix structure through the nonlinear term 
in equation (8), and this can actually be done for any value of  K, and the 
forms of  F and G explicitly depend on K. But for simplicity we consider 
only a few simple values for K and show how the method works. 
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Case I (K  = - 1). In  this case by solving the above equat ions we observe 
that  F and G can be written as 

along with 

1 
F = - -  x~ - p U X  2 p 

2u 
G = px 3 + - - - "  X 1 + 2U2pX2 + qpx2 

P 

[ X I •  X 2 ] ~ - - X  3 

[xl, x3] = -4Xl 

[X2, X3]=4X2 

(lO) 

(11) 

so we can write down the Lax pair  as 

Yx = Fy 

y,= Gy 
(12) 

where y is a th ree-component  vector y -= (y~, Y2, Y3) and 

/0 0 4/p 1 
F = [ O  0 -4pu] 

\-upl/pO ] 

( 4p O -8U/p q) 
G= 0 -4p 

2u2p+ pq -2u/p ~ u2p+4p 

(13) 

(14) 

Case H (K  = +1).  In this situation F and G are written as 

U 
F = Pgt + -  )72 

P 
1 G = u~3 - 2up~l - ( 2 u  2 + Uxx ) --  :~2 
p 

along with the commuta t ion  rules- 

IX'I, "~2] ~--- --~'3 

[x~, x3] = 0 (16) 

Ix2, x3] = 0 



636 Chowdhury and Paul 

as 
Case I I I  (K  = 2). For this value of K the forms of  F and G are given 

2 p 4u 
F --- 7 ,.~1 q'- --'~ .~ 2 P 

, up 2 . 
G = uxx~---~-  x , -  ( 8 u ~ + 4 u ~ ) ~  

The Lie algebra of xl, x2, and x3 is governed by 

[3~2, X3] = --2'3~2 

[~,, -~2] = - ~  

(17) 

(18) 

so we can again write down the explicit matrix forms of  the Lax problem as 

G =  

0 0 

F =  0 0 
41~/p 2 - p 2 / 4  

02P 0 
2p 

\ - ( 4 / p Z ) ( 2 u 2 +  uxx) up2/2 

p2/2 \ 
oSU/p 2) (19) 
--UP2 )) 
(8/p2)(2u 2 + Uxx (20) 

0 

Introduction of the Spectral Parameter. The implementation of  the 
famous inverse scattering transform is possible only if the Lax pair contains 
an eigenvaluelike parameter. But none of  the equations deduced above 
contain any spectral parameters. To introduce such a parameter we invoke 
the symmetry of  the nonlinear equation itself and impose it on the linear 
set. Let us consider the case K = - 1, where we can deduce that the nonlinear 
equations are invariant under the following transformations: 

X'--) J.~ I/3X'~ t + l.tt; 

Then the Lax pair becomes 

Yx = F' y, 
with 

, [ 4ux 

G =  0 
(2U2p "k pUxx)l ~-1/3 

u-*~-2/3u,  p ~ p  (21) 

y, = G'y (22) 

0 

0 
p-l/. 1/3 

0 

-4ux 
- - (2u/p)U -1/3 

(4/p) tz  l/3 
-4pulz  -1/3 (23) 

0 

(8u/p)~ '/' \ 
(08uZp+ 4puxx)l~-l/3) (24) 

Similar calculations can also be done for other values of K. 
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In the above paragraphs we have presented a new integrable nonlinear 
coupled partial differential equation from the point of view of prolongation 
structure. We have determined the pseudopotential structure along with the 
underlying Lie algebra. Lastly the problem of introducing spectral para- 
meters has been solved for the case with K = - 1 .  Discussions about the 
other properties (such as infinite set of conserved quantities, the implementa- 
tion of IST itself, and existence of extended Lie symmetries) will be com- 
municated in a future publication. 

Acknowledgments 

One of the authors (A.R.C.) wishes to thank Professor G. Vidossich 
for discussions and taking interest. He would also like to thank Professor 
Abdus Salam, the International Atomic Energy Agency, and UNESCO for 
hospitality at the International Centre for Theoretical Physics, Trieste. He 
would also like to thank SAREC for supporting his visit. 

REFERENCES 

Anderson, R. L., and Ibragimov, N. H. (1979). Lie-Backlund Transformation in Application. 
SIAM, Philadelphia. 

Chowdhury, A. Roy, and Roy, T. (1979). Journal of Mathematical Physics, 20, 1159. 
Chowdhury, A. Roy, and Roy, T. (1980). Journal of Mathematical Physics, 21, 1416. 
Lax, P. D. (1968). Communications in Pure and Applied M~hematics, 21, 467. 
Rebbi, C., and Soliani, G. Brookhaven National Laboratory, preprint BNL-35142. 
Whalquist, H., and Eastabrook, F. B. (1975). Journal of Mathematical Physics, 16, 1. 


